The oscillatory and time-mean motions induced by a propagating wave of small amplitude through a viscous incompressible fluid contained in a prestressed and viscoelastic ͑modeled as a Voigt material͒ tube are studied by a perturbation analysis based on equations of motion in the Lagrangian system. The classical problem of oscillatory viscous flow in a flexible tube is re-examined in the contexts of blood flow in arteries or pulmonary gas flow in airways. The wave kinematics and dynamics, including wavenumber, wave attenuation, velocity, and stress fields, are found as analytical functions of the wall and fluid properties, prestress, and the Womersley number for the cases of a free or tethered tube. On extending the analysis to the second order in terms of the small wave steepness, it is shown that the time-mean motion of the viscoelastic tube with sufficient strength is short lived and dies out quickly as a limit of finite deformation is approached. Once the tube has attained its steady deformation, the steady streaming in the fluid can be solved analytically. Results are generated to illustrate the combined effects on the first-order oscillatory flow and the second-order steady streaming due to elasticity, viscosity, and initial stresses of the wall. The present model as applied to blood flow in arteries and gas flow in pulmonary airways during high-frequency ventilation is examined in detail through comparison with models in the literature.
I. INTRODUCTION
The problem of oscillatory flow and mass transport through a viscous fluid contained in an initially stressed flexible tube has long been, and continues to be, of interest to investigators who are concerned with, inter alia, biofluid mechanics. In cardiovascular fluid flows, an important consideration is the shear stress. Blood is a living fluid, and if the forces applied to the fluid are excessively large, the resulting shear stress can cause harm such as in vivo hemolysis, 1 a condition corresponding to the destruction or dissolution of red blood cells with subsequent release of hemoglobin into the surrounding fluid. Also, there are studies indicating that fluid shear stress may play a direct role in the initiation and localization of atherosclerosis and influences other aspects of the disease process as well. Arterial damage consequent to atherosclerosis is responsible for the largest number of deaths in the world. One major aspect of modeling the blood flow is therefore to determine the shear stress distribution in both the fluid and the blood vessel, so as to help the basic understanding or diagnosis of problems in the system, thereby guiding the treatment of the disease.
Gas transport in pulmonary airways during highfrequency ventilation ͑HFV͒ is another biophysical application of oscillatory flow through a flexible tube. In many clinical situations, the breathing of a patient is assisted by a mechanical ventilator. Mechanical ventilation that mimics a normal breathing mode would require large air pressures, which may result in pulmonary barotraumas and impaired cardiac functions. 2 HFV, which mimics a panting mode, i.e., pumping a smaller tidal volume of air at a high frequency by a smaller pressure gradient, is safer to use especially for a vulnerable patient such as an infant. An understanding of the flow and transport that are associated with the mechanical ventilation may help guide the development of the technique. For blood flow in large arteries 3, 4 or gas flow in the upper airways, 5 a tube of lumen radius of O͑1͒ cm and longitudinal length of O͑10͒ cm is normally considered. The ratio of wall thickness to lumen radius is approximately 15% in the case of blood vessels and 5% in the case of pulmonary airways. As commonly found in the literature, a basic model for pulsatile blood flow in arteries or oscillatory gas flow in a pulmonary airway is to examine a viscous incompressible fluid flowing in a straight, flexible, and initially stressed tube as driven by a periodic pressure loading. Although omitting some important effects such as pipe curvature and branching, such a basic model has been extensively applied to the study of many biofluid phenomena. Our work here is to look into the propagation of waves and the induced steady streaming in such a system, where the fluid-tube interaction is controlled by the viscoelastic properties, initial stresses, and the outer wall condition ͑free or constrained͒ of the tube. Since Womersley, [6] [7] [8] who pioneered a linearized theory of oscillatory flow in a straight, uniform, isotropic, thinwalled, and elastic tube, the problem has been advanced through numerous developments. In view of the nature of human tissues, the model has been extended to tubes which are thick walled, 3, 4, 9, 10 viscoelastic, 4,11-13 orthotropic, walled structure ͑like a shell or membrane͒ when its wall thickness is supposed to be infinitesimally small compared with the tube radius. This has been a classical model based on some simplifying assumptions, e.g., a constant wall thickness, uniform normal stress, and zero shear stress across the wall under deformation. In contrast, a tube is so-called thick walled when its wall thickness is comparable to, or a finite fraction of, the tube radius ͑specifically, when the fraction Ն0.1͒. 1 In fact, a thick-wall model does not necessarily imply that the tube under consideration must have a thick wall. The term is used only to mean that the model is not subject to those simplifying conditions normally assumed in a thinwall model. In this more general model, the radial gradients of the wall deformations and other effects are not ignored a priori as in a thin-wall model. It is therefore a more comprehensive and exact model that is valid even down to the limit of a thin wall. 20 As was pointed out by Chandran et al., 1 for many cardiovascular applications of interest, the wall thickness-to-radius ratio of arteries will generally require one to use a thick-wall model. Some recent examples are as follows. A three-dimensional thick-wall model was introduced by Tang et al., 21 who studied steady flow and wall compression in stenotic arteries. A thick-walled flexible tube was considered by Marzo et al. 22 for three-dimensional collapse and steady flow in physiological conduits. Holzapfel and Gasser 23 analyzed stress deformation for a coronary artery by a two-layer, thick-walled tube model, and more recently Tsamis and Stergiopulos 24 proposed a thick-walled tube model for arterial remodeling.
Based on the assumptions of small-amplitude waves and/or low Reynolds number, most of the analytical works mentioned above are essentially leading-order analyses, in which the nonlinear fluid inertia is ignored. Steady streaming, 25 which is a steady current induced in oscillatory flows when the velocity components are not / 2 out of phase, is an important phenomenon in processes such as the vascular disease 26 and the gas transport during HFV. 5 The streaming owes its existence to the convection and viscous diffusion of momentum, which gives rise to a net drift of particles even though the forcing is purely oscillatory. To find the streaming, one has to extend the analysis to the second order in the wave steepness.
Ling and Atabek 27 numerically solved the fully nonlinear Navier-Stokes equations for the velocity profiles in arteries modeled as an elastic tube based on the assumption of zero longitudinal wall motion owing to the strong perivascular tethering by the surrounding tissues. The same model was later applied by Wang and Tarbell 26 to finding streaming in weakly nonlinear flows by the method of perturbation. The elastic model of Atabek and Lew 18 was followed by Dragon and Grotberg, 5 who studied oscillatory flow and mass transport through a thin-walled viscoelastic tube in the context of HFV. They investigated the effects of steady streaming on the time-averaged mass transfer rate, from which an optimal frequency of oscillation depending on the airway flexibility was determined for HFV. As in any Eulerian formulation, Dragon and Grotberg had to expand by Taylor's theorem the moving wall position about the mean position, where they imposed the boundary conditions. Such an approach would, however, limit the validity of their results to waves of extremely small amplitude when the oscillation frequency, as indicated by the Womersley number, ␣ = a͑ / f ͒ 1/2 ͑where a is the tube radius, is the angular frequency of oscillation, and f is the kinematic viscosity of fluid͒, is high. One way to interpret the Womersley number is that it is a ratio of two length scales: the tube radius a and the Stokes layer thickness ␦ = ͑2 f / ͒ 1/2 . The Stokes layer is a viscous boundary layer formed near the boundary of the fluid domain when subjected to wavy motion; the layer is thinner for lower fluid viscosity or higher frequency. Mathematically, one can easily show that the Taylor expansion of the instantaneous wall position about the mean position is applicable only when the wall displacement is much smaller than the Stokes layer thickness, which is already small when the Womersley number is large. To circumvent this problem, one may resort to the use of either the moving curvilinear coordinates or the Lagrangian coordinates. The latter is adopted in the present work.
Soft biological tissues are complex in structure, and hence exhibit complex mechanical behaviors in general. As a first approximation, they can be modeled as simple as a linear isotropic elastic material, in which the stress is linearly proportional to the strain. A more sophisticated model is to consider the tissues to behave like a viscoelastic material, in which the stress is related not only to the strain but also to the strain rate. As the incorporation of both elasticity and viscosity, through different fashions of combination, can lead to results that better agree with clinical observations, viscoelastic models of various kinds have been put forward to describe the mechanical properties of physiological tissues. A viscoelastic material may exhibit some distinct behaviors, such as relaxation, creep, hysteresis ͑a phase lag͒ under cyclic loading, wave attenuation, and imperfect rebound on the termination of loading, which are phenomena often observed in the mechanical response of many biomaterials. When studying resonance in the terminal aortic circulation, Burattini et al. 28 found that viscosity was responsible for the damping that inhibited sharp peaks from occurring in the pressure and flow pulses in their experiments, and hence concluded that viscoelasticity, rather than pure elasticity, was influential in the aortic impedance. Morgan and Kiely 11 were among the first to investigate wave propagation in a viscous fluid contained in a viscoelastic tube with thin walls. With a focus only on the leading-order simple harmonic motion, they derived that the viscoelastic stress-strain relations are the same as those for a purely elastic material provided the elastic constants are replaced by complex parameters, where the imaginary parts represent the viscous dissipating effects. In the context of blood flow, Cox 4 studied propagation of harmonic pressure waves in fluid contained in a viscoelastic tube of finite wall thickness, where the wall properties would depend on the frequency through a three-parameter relaxation-type model. Again, based on the linearized momentum equations ignoring the convective acceleration, Cox showed that the wave characteristics are very sensitive to changes in the degree of wall viscoelasticity. Nonlinear viscoelastic models, where the nonlinearity is essentially for the elastic part, have been adopted in some recent works. A non-linear elastic constitutive relation in terms of the Green strain tensor was introduced by Kyriacou and Humphrey 12 for a numerical study on the mechanics of a saccular aneurysm, while a Kelvin-Voigt type of viscoelastic model in terms of the Finger deformation tensor was used by Demiray 13 for arteries subjected to large initial static deformations and small dynamic displacements.
Although viscoelasticity is increasingly recognized as an important property of soft biological tissues and has been extensively studied for its first-order effects on the oscillatory flow, its effects on the second-order steady streaming in waves are much less studied. Wang and Tarbell 26 studied steady streaming in blood flow but only for flow in a purely elastic tube. Dragon and Grotberg 5 presented an analytical study on HFV oscillatory flow and steady streaming in a thin-walled viscoelastic tube. Their modeling of the wall viscoelasticity is, however, rather heuristic: simply by adding a linear damping term to the inertia in the stress balance equations for the tube wall. While the use of a constant damping coefficient may be acceptable as far as the first-order oscillatory flow is concerned, it may not properly reflect the viscoelastic effects on the second-order streaming. A more systematic approach should have the viscoelastic stress-strain relationships be expressed by a tensorial constitutive law that can account for the finite deformation effects. Apparently, no work in the literature has examined the viscoelastic effects on the steady streaming following such an approach. This has motivated the present study.
On the other hand, the in vivo state of a blood vessel is inflated with a mean pressure of approximately 100 mm Hg and is also under longitudinal tension with a stretch ratio approximately equal to 1.5. These create relatively high initial circumferential and axial stresses in the tube. The problem of the influences of the initial stress on the blood flow is of great interest and has been the focus of many studies in the literature. Atabek and Lew 18 first studied the wave propagation in an initially stressed elastic tube. They pointed out that the circumferential and longitudinal initial stresses play different roles in the two possible distinct waves that may propagate along the tube. Later, Atabek 14 extended their isotropic model to an orthotropic tube while making a sign correction to their original dispersion equation. 18 Kuiken 19 also investigated the effects of the initial stresses on the wave speeds but with a formulation that was different from that of Atabek and Lew. However, Kuiken's theory was questioned by Hart and Shi 29 for its inconsistency in the use of stress terms in the equations of motion. Apparently, although many works have been done on the problem of wave propagation along a prestressed tube, some basic relations between the waves and the initial stress remain unclear and need to be studied further. Also, the works mentioned above have all modeled the tube to be a linear thin-walled elastic shell where the circumferential and longitudinal initial stresses can be represented by two constants. For a thick-walled tube model with a nonlinear constitutive law, the initial stresses in the tube can no longer be constants but functions of the radial coordinate. Demiray 13 carried out an analysis on a Kelvin-Voigt viscoelastic tube subjected to a large initial static deformation. However, he did not consider the influences of the initial stresses on the two distinct waves and the second-order steady current, which will be analyzed in the present work in detail.
A specific aim of the present work is to develop a model for small-amplitude oscillatory flow and steady streaming, induced by periodic pressure forcing, of a Newtonian viscous fluid through a prestressed, viscoelastic tube that can be a thin-walled or thick-walled structure. In order not to excessively complicate the problem, a linear Voigt type of viscoelastic model is adopted in this work. By this model, the stress is a sum of two parts: the viscous part, which is linearly proportional to the rate of deformation tensor, and the elastic part, which is linearly proportional to the Finger deformation tensor. When the viscous part vanishes, the model will reduce to the neo-Hookean model, which extends Hooke's law to fairly large deformations ͑e.g., Ref. 30͒. For generality, we place no restriction on the tube wall thickness, which can be much smaller or comparable to the tube radius; the condition of a thin wall is a limiting case of the present problem. In addition, the tube is assumed to be long, straight, prestressed, and with a uniform cross section initially. The tube wall material is further assumed to be isotropic, homogeneous, and incompressible. Two alternative boundary conditions are considered on the outer surface of the tube: it can be either stress-free ͑i.e., a free tube without constraint by the surrounding tissues͒ or zero displacement axially ͑i.e., a tethered tube constrained by the surrounding tissues͒. Other effects, such as tapering, curvature, torsion waves, and gravity, are neglected. Fully developed flow is considered here, so that the end effects can also be neglected.
The present analysis is limited to small but finite deformations. The wave amplitude, or the wall radial displacement, is assumed to be much smaller than the tube radius so that their ratio, which is much less than unity, can be used as an ordering parameter for a perturbation analysis. The small parameter also reflects a sharp contrast in length scales in the radial and axial directions. As in Refs. 31 and 32, a perturbation analysis based on Lagrangian coordinates is performed here to the second order in the small parameter: the first order for the purely oscillatory motions and the second order for the time-mean motions. For the present problem involving a moving wall that is initially stressed, the Lagrangian approach, by which boundary conditions are applied exactly on the moving boundaries, has three major advantages over the Eulerian approach. First, as remarked above, this will avoid the problem encountered by Taylor expanding a wavy surface about its mean position, which is applicable only when the wave amplitude is much smaller than the Stokes layer thickness. Second, the initial static deformations and stresses can be handled more conveniently and naturally by a Lagrangian description. Third, the streaming velocity, which depicts the velocity of a particle, is Lagrangian in nature. Therefore, it is more direct to solve for the steady streaming in the Lagrangian system.
II. MATHEMATICAL FORMULATION
Let us consider the propagation of small-amplitude waves traveling along a long flexible tube of circular section.
The core of the tube, which has an initially inflated radius a, is filled with an incompressible Newtonian viscous fluid. The wall of the tube, whose outer radius is initially stressed at b, is supposed to be made up of a Voigt type of material. By Lagrangian description, the instantaneous radial and axial coordinates of a particle of fixed identity, ͑r , z͒, and the pressure p are functions of the initial coordinates of the particle, ͑R , Z͒, and time t. Axisymmetry is assumed, and hence any dependence on the azimuthal position is eliminated ͑Fig. 1͒. As a result of an oscillatory pressure gradient of angular frequency , a progressive wave of wavenumber k is induced in the system, where k and are related by a dispersion equation, as will be deduced later.
A. Eulerian governing equations
Let us first recall the conventional continuity and momentum equations expressed in terms of Eulerian cylindrical coordinates:
͑3͒
where an overdot denotes time derivative, d / dt stands for the total derivative, represents the density, p is the pressure, and ij are the deviatoric stress components ͑i.e., the isotropic normal stress being subtracted from the total stress components͒. Here, we need to introduce a constitutive equation to relate the stress and the deformation in order to close the problem. A linear Voigt viscoelastic model is proposed: the Cauchy stress T is a linear combination of viscous and elastic parts:
31-33
where I is the identity tensor, is the classical Newtonian
is the velocity gradient tensor, G is the shear modulus, and E = B − I is the strain tensor, in which F is the deformation gradient tensor given in Eq. ͑9͒ and B = F · F T is the Finger or left Cauchy-Green tensor. 30, 33 In its two limits, the constitutive relation ͑4͒ represents a Newtonian viscous fluid when G = 0 and represents a neo-Hookean elastic solid when = 0. In a sense, the neo-Hookean law generalizes Hooke's law. While the latter involves only linear strains and is good for infinitesimally small deformations, the former contains quadratic strains and may describe fairly large deformations of an isotropic material. Note that F is not symmetric, but D, E, and B are symmetric tensors, and for a basic constitutive equation that is frame indifferent, it is acceptable to express the Cauchy stress to be a linear function of E or B. 34 By including a term that is proportional to B −1 , the neo-Hookean model can be further generalized into the Mooney-Rivlin model that can handle even larger deformations. Such a nonlinear model is, however, not considered in this work.
Based on the constitutive equation ͑4͒, the deviatoric stress components can be expressed as follows:
and other components being identically zero by axisymmetry.
B. Lagrangian governing equations
One may refer to Monin and Yaglom 35 for a derivation of the Lagrangian form of the Navier-Stokes equations in Cartesian coordinates. This Lagrangian approach, which conveniently handles the free-surface boundary conditions for ocean waves, as was first adopted by Pierson, 36 has been followed by Ünlüata and Mei, 37 and more recently by Ng 38 and Ng and Zhang.
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In the present Lagrangian description, cylindrical coordinates are to be used, and the equations do not seem to have been explicitly deduced in the literature. The dynamic problem here is to be expressed in terms of the instantaneous coordinates ͑r , z͒ and pressure p as functions of the initial coordinates ͑R , Z͒ and time t. In the following, let us provide some details outlining how the governing equations of motion and boundary conditions in terms of Lagrangian cylindrical coordinates are developed.
The deformation gradient tensor F in cylindrical coordinates is given by 
where X ជ and x ជ are the position vectors of a particle in the initial and instantaneous states, respectively. The third invariant of the deformation gradient tensor, or the determinant of F, physically represents a ratio of the volume of a material element in its present ͑deformed͒ state to that in its past ͑undeformed͒ state. 34 By mass conservation, the volume ratio is equal to the inverse of the density ratio. If further the material is assumed to be incompressible so that its density is invariant with time and the volume ratio is equal to unity, then the conservation of mass is mathematically given by det F = ͉F͉ =1, or
where the Jacobian
and the subindex l is used to distinguish between the fluid and wall domains,
in which a and b are the initial inner and outer radii of the tube wall, respectively. Using Cramer's rule, 36, 39 for any variable f, the Eulerian derivatives can be transformed into the Lagrangian ones through the following relations:
By virtue of these relationships, the Eulerian radial and axial momentum equations ͑2͒ and ͑3͒ and the stress components ͑5͒-͑8͒ can be transformed into the Lagrangian form as follows:
where
and
ͪͬ.
͑20͒
In these equations, G f = 0 for the fluid is purely viscous.
C. Boundary conditions
To complete the formulation, we need the following boundary conditions. By symmetry about the tube axis at R =0:
By the continuity of particle displacements and stress components on the fluid-wall interface at R = a and zero stresses on the outer wall at R = b for a free tube:
where T and N are, respectively, the tangential and normal stress components on a material surface as seen in an ͑R , Z͒ plane. We may derive that to a material curve S = ͑r͑R , Z , t͒ , z͑R , Z , t͒͒, the unit tangential and normal vectors are t = ͑‫ץ‬r / ‫ץ‬Z , ‫ץ‬z / ‫ץ‬Z͒ / ͉n͉ and n = ͑‫ץ‬z / ‫ץ‬Z ,−‫ץ‬r / ‫ץ‬Z͒ / ͉n͉, where ͉n͉ = ͓͑‫ץ‬r / ‫ץ‬Z͒ 2 + ͑‫ץ‬z / ‫ץ‬Z͒ 2 ͔ 1/2 . Hence, the tangential and normal stress components, T = ͑T · n͒ · t and N = ͑T · n͒ · n, can be expressed by
͑25͒
For a tethered tube, the longitudinal motion of the wall is strongly constrained, and hence the axial displacement of the outer surface of the wall can be assumed to be zero. Such a boundary condition will be presented in the following firstorder dynamic problem. We suppose that the tube radius and the wall thickness are comparable to each other, both of them being much smaller than the wavelength, which is of the order of the tube length L. Based on this assumption of sharp contrast in length scales, the following parameter:
will be used as an ordering parameter for the perturbation analysis below. This condition is commonly met in biofluid flows.
3,5
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D. Normalization
Let us now introduce the following normalized variables, which are distinguished by a caret:
Most of the normalization scales are easily identifiable by the balance of dominant terms in the equations above. The scaling for the shear and tangential stresses in the wall needs some explanation, however. The normal stress in the fluid is dominated by the pressure, and hence
1/2 is the Stokes layer thickness. For the problems under consideration, the oscillation frequency may vary over a range such that ␦ Յ O͑a͒, and therefore a proper scaling for N f is ⑀ −2 f . On the other hand, the normal stress in the wall is scaled by N w ϳ p w ϳ G w . Assuming that the normal stress in the wall is at least comparable to that in the fluid, N w Ն O͑N f ͒, we get a scaling relationship for the wall elasticity,
By shallowness, the shear stress in the fluid is an order of magnitude larger than the normal stress in the fluid, frz ϳ ⑀ −1 fzz ϳ ⑀ −1 f . It follows that, by continuity of shear stress on the interface and relation ͑28͒, the shear stress in the wall is scaled by wrz ϳ ⑀G w , which is an order of magnitude smaller than the scaling for the normal stress in the wall. Despite the difference in the scalings, the wall shear stress cannot be neglected as its radial gradient is comparable to the axial gradient of the normal stress by virtue of the shallowness condition ͑26͒, as will be seen when the firstorder problem is formulated in Sec. IV.
Substituting the normalized variables, the problem can be cast into a dimensionless form as follows. The continuity equation is
The momentum equations become
The dimensionless stress components are given as below:
In these equations, three dimensionless parameters show up:
where l = l / l is the kinematic viscosity. Here, ␣ is the Womersley number, which is equal to the square root of the ratio of the wave frequency to the rate of radial diffusion of momentum across the tube. As remarked earlier, the Womersley number is also related to the ratio of the tube radius to the Stokes layer thickness ␣ ϳ a / ␦, which in biological systems typically lies in the range O͑1͒ -O͑10͒. The second parameter, ␤, represents the significance of the tube elastic- ity. Using Eq. ͑28͒, one may show that ␤ ϳ f a 2 / ͑ w ␦ 2 ͒ Ն O͑1͒. In the limit of ␤ → ϱ, the wall becomes perfectly rigid. The third parameter, ␥, is a ratio of the tube viscosity to the fluid viscosity. Here, the tube viscosity is allowed to vary from as small as zero for pure elastic wall to as large as two orders of magnitude larger than the fluid viscosity. Therefore, we may suppose ␥ Յ O͑1͒.
The normalized boundary conditions become
which represents the ratio of wall density to fluid density. The dimensionless expressions for T l and N l are
and N w ͉n͉
E. Asymptotic expansions
On assuming that the induced radial and axial displacements in both the fluid and the wall are one order of magnitude smaller than the corresponding scalings, we may follow Pierson 36 in expanding the variables into powers of ⑀:
where the O͑⑀͒ terms are the leading-order displacements consisting of purely first harmonic components, while the higher-order terms consist of higher harmonics as well as steady components. The O͑1͒ normal stress components represent the initial stresses of the tube as it is subjected to static 4 and axial elongation given by the stretch ratio S. To suppress the ⑀ −2 terms in the wall stress components given by Eqs. ͑38͒ and ͑39͒, the axial displacement of the wall can only have a very weak dependence on R such that ‫ץ‬ẑ w1 / ‫ץ‬R = O͑⑀ 2 ͒, ‫ץ‬ẑ w2 / ‫ץ‬R = O͑⑀ 2 ͒, and so on. In view of this, we should further expand ẑ w1 and ẑ w2 into
where the leading terms ẑ w11 and ẑ w21 are independent of R . The axial displacement of the wall will have a nearly uniform profile across a section or the wall will undergo motion with very little shear deformation: ‫ץ‬z w / ‫ץ‬R ϳ ‫ץ‬r w / ‫ץ‬Z = O͑⑀ 2 ͒. Despite its small magnitude, the shear strain of the wall is, however, required to be taken into account and will show up even in the leading-order problem.
Substitution of the above expansions into the governing equations ͑29͒-͑33͒, the stress components ͑34͒-͑39͒, and the boundary conditions ͑41͒-͑43͒ and collecting terms of equal power of ⑀, we may obtain the zeroth-͑initial stress͒, first-, and second-order problems as detailed in the following sections.
III. INITIAL STRESS PROBLEM
It is assumed that, in the initial static state, the tube is under a steady uniaxial extension and also subjected to steady fluid pressure Q on the inner wall in the absence of any shear stresses. The continuity equation, which relates the stress-free state to the prestressed state of the tube, is
where ͑ĉ , d ͒ are the coordinates of a particle when unstressed. The uniaxial extension amounts to
where S Ͼ 1 is the longitudinal stretch ratio. 
where j 1 is an integration constant. By Eq. ͑57͒, the initial stress components read as follows:
The leading-order stress balance equation in the radial direction is
which results in
where j 2 is another integration constant. The leading-order stress boundary conditions include
Substitution of the initial stress components into the above boundary conditions, the two integration constants j 1 and j 2 can be determined from the following equations:
͑66͒
Hence, the initial static stresses of the tube can be found for given values of the loading parameters S and Q and the outer wall radius b .
IV. FIRST-ORDER PROBLEM

A. First-order solution
At O͑⑀͒, the governing equations for the fluid are ‫ץ‬ẑ f1
and those for the tube wall are ‫ץ‬ẑ w11
where the stress components lij1 are given in Appendix A. The first-order boundary conditions are 
͑75͒
In the outer boundary condition above, case 1 represents a free tube, where the stresses on the outer wall are absent, while in case 2 the tube is tethered by the perivascular tissues so that the longitudinal motion of the outer surface is strongly constrained and the leading order of the axial displacement can be taken as zero. 27 One can now see that the wall shear stress wrz1 , which shows up in the equation of motion ͑72͒ and the boundary conditions ͑74͒ and ͑75͒, is indeed a quantity that plays a role in the first-order problem. This quantity will not lose its importance even when the wall thickness becomes very small.
We suppose that the pressure forcing that is applied to the fluid at the origin p f1 ͑Ẑ =0͒ is a simple harmonic function of t, and as a result, a traveling wave is induced in the fluid:
where Re stands for the real part, p o is a known constant equal to the amplitude of the pressure forcing at Ẑ = 0, and o is an unknown constant to be determined by the boundary conditions. On substituting these expressions into the governing equations, the following general solutions satisfying Eq. ͑73͒ can be deduced:
where = ␣i 3/2 , = ␣ 2 ␥i + ␤, S is the longitudinal stretch ratio, j 1 is a constant of initial stress as defined in Eq. ͑65͒, J n is the Bessel function of the first kind of order n, and the complex integration constants B 1 -B 5 as well as the complex wavenumber k are to be determined by the boundary conditions.
In case 1 for a free tube, substituting the general solutions into the boundary conditions ͑74͒ and ͑75͒ results in a homogeneous linear algebraic system of equations for the six constants p o and B 1 -B 5 :
where the matrix A is given in Appendix B, and
The system will have a nontrivial solution if and only if the determinant of the coefficient matrix A vanishes. This condition yields the characteristic equation governing the eigenvalue, which in this case is the wavenumber k, as a function of the frequency ␣ and material properties ␤ ͑wall elasticity͒ and ␥ ͑wall viscosity͒, which are defined in Eq. ͑40͒. Since it is a relation between wavenumber and frequency, the characteristic equation is also called the dispersion equation, which can be obtained in the following algebraic form after some manipulation of the matrix:
where A 1 -A 3 are given in Appendix C. Equation ͑86͒ is a quadratic equation that can be readily solved for k 2 . It admits four complex solutions for k = k r + ik i , where the real part k r denotes the wavenumber, and the imaginary part k i is the attenuation constant. Our focus is on the forward traveling waves, so we only consider the two solutions with k r Ͼ 0 and k i Ͻ 0. Each of these two solutions corresponds to a distinct wave mode. The wave with a slower phase velocity C 1 = / k r1 is called Young wave representing a pressure wave propagating in the fluid, while the one with a higher phase velocity C 2 = / k r2 is called Lamb wave representing a wave traveling largely along the wall. A Young wave is generated by an oscillatory pressure forcing in the fluid, while a Lamb wave can be expected when the tube wall is excited harmonically in the direction of the axis. 3 Most of our discussions below will be on the Young wave mode, which is more important in the present study.
051901-9
Wave
where ⌬ kl is the cofactor obtained by eliminating the kth row and lth column of ͉A͉.
In case 2 for a tethered tube, B 4 = 0 and the dispersion equation becomes much simpler, which can be expressed as follows:
The Lamb wave does not exist this time and only the Young wave can survive in the tethering case. Let us first study the problem of wave propagation within an initially stress-free tube ͑i.e., the initially circumferential pressure Q = 0 and the longitudinal stretch ratio S =1͒. The dispersion equation ͑86͒ for a free tube without tethering ͑case 1͒ can be simplified as follows:
For a constrained tube in case 2, in Eq. ͑88͒ is zero in the absence of initial stresses.
B. Results and discussions on the first-order solution
To check our theory, we first compare results with those obtained by Womersley 6 and Cox 40 for wave propagation in blood flow through a purely elastic tube without initial stresses, as shown in Fig. 2 ͑or M = 1.0417͒, f = 3.3ϫ 10 −3 Pa s, w = 0, and G w =10 6 Pa. Although the physical problem itself does not depend on the tube length ͑or the parameter ⑀ = a / L, as long as it is much smaller than unity͒, we nevertheless need to specify this quantity as required by normalization. From here onward in this paper, a typical small value of ⑀ = 0.01 will be used. We reiterate that any value used for ⑀ will affect only the dimensionless, but not the physical, form of the solution. Substituting the values into Eq. ͑40͒, we get ␤ = 37 237.
Following Cox, 40 we show in Fig. 2 the phase velocity of the Young wave C 1 and the transmission per wavelength given by exp͑2k i1 / k r1 ͒ as functions of the Womersley number ␣, which represents the frequency as given in Eq. ͑40͒.
The wave speed and the transmission per wavelength from Womersley's thin-walled tube model 6 are given by C 0 ͓Re͔͑͒ −1 and exp͓2 Im͑͒ / Re͔͑͒, respectively, where
is the Moens-Korteweg formula, 18 in which E is Young's modulus, a and b are the inner and outer radii of the tube, and = ␣i 3/2 . For incompressible material, E =3G w . As clearly seen in the figure, the present free-tube model generates results for the wave propagation speeds that are essentially the same as those by Cox's model in this case of a pure elastic tube. Both these models are on the basis of a thickwalled tube, yielding the phase velocity and the transmission per wavelength being smaller than those of Womersley's thin-walled tube model. The agreement here suggests that, as far as the first-order oscillatory motion is concerned, our model is as good as Cox's model when applied to smallamplitude wave propagation through a Newtonian fluid contained in an elastic tube of finite wall thickness. Cox did not apply the long-wave approximation in his model, and his dispersion equation was so lengthy that he had to solve it by an iterative approach. With the long-wave assumption, our model has a much simplified dispersion equation that can be solved directly and analytically. The present comparison between the two models reveals that over the frequency range ␣ Յ O͑10͒ in blood flow, the long-wave condition is indeed well satisfied. When the tube is constrained, the Young wave speed will become faster and the wave damping will be stronger as shown in Fig. 2 . Although a thick-walled tube model is being considered here, the present model works equally well in the limit of a thin wall, i.e., it should approach Womersley's thin-walled tube model when the free-tube wall becomes very thin. This tendency is illustrated by Fig. 3 , where we show that as the outer radius b = b / a decreases toward unity ͑i.e., the inner radius͒, the results of the two models are increasingly in agreement with each other. As in Fig. 3͑d͒ , the two models give practically the same results when b = 1.01. By and large, Womersley's model turns out to be of good accuracy when ͑b − a͒ / a Ͻ 0.05, or the wall is less than 5% as thick as the inner radius. Also, Fig. 3 shows that the wave velocity decreases ͑or the wavenumber k r increases͒ dramatically in response to a small decrease in the tube thickness. In the limiting case when the thickness approaches zero, the wave speed tends to zero as well or the wavenumber goes to infinity. The transmission per wavelength is on the contrary much insensitive to change in the wall thickness.
The wall deformation, particularly in the radial direction, is of practical interest. The radial displacement r 1 of the interface R = 1 at the origin Ẑ = 0 can be expressed as
where D is the amplitude and is the phase lag between the forcing and the wall response. 
, where p o is the first-order pressure amplitude as defined in Eq. ͑76͒. As shown in Fig. 4͑a͒ , the wall displacement amplitude D can become very large when the elasticity parameter ␤ is small for a soft wall, as is expected. In contrast, as shown in Fig. 5͑a͒ , the wall displacement D tends to be not affected by the wall viscosity ␥ until ␣ is large, by which D will only be modestly lowered by higher ␥. By and large, Figs. 4͑a͒ and 5͑a͒ show that for oscillation under a fixed amplitude of the pressure forcing, the wall radial displacement D is rather insensitive to change in the frequency ␣. Unlike the amplitude D, the phase lag is strongly affected by the wall viscoelasticity as well as the frequency; see Figs. 4͑b͒ and 5͑b͒. We remark that the dependence on ␣ will qualitatively change if the oscillation is volume cycled ͑i.e., under a fixed tidal volume͒.
We further show in Fig. 6 the cross-sectional profiles of the axial and radial displacements at time instants within half an oscillation period: t=0, / 6, ... ,, at the origin Ẑ = 0 for moderate frequency ␣ = 5 and large elasticity ␤ = 20 000. The axial displacement amplitude is the largest at the tube center and the smallest in the tube wall. As discussed earlier, the axial displacement of the wall has only a weak dependence on R , and is hence nearly uniform across the wall section. For this high value of rigidity ͑␤ = 20 000͒, the axial wall displacement is many times smaller than the maximum axial fluid displacement that happens along the tube axis. In sharp contrast, the radial displacement amplitude is the smallest ͑equal to zero͒ at the tube center and the largest near the tube wall. As a result, the radial wall displacement is comparable to the maximum radial fluid displacement that happens near the wall. When the tube becomes tethered, the velocity profiles are largely the same as those when the tube is free. The major difference is in the axial wall displacement, which is much closer to zero because of the large longitudinal constraint by the surrounding tissues outside the tube. Some previous authors 26, 27 have assumed a priori in their problem formulations that the wall would undergo deformation purely in the radial direction with identically zero axial displacement across the wall. Our approach to the tethering case is, however, different from these previous works. Here the axial displacement of the wall, although much smaller than that of the fluid, is not exactly zero across the wall layer because of ẑ w12 ͑R ͒ 0 as defined in Eq. ͑53͒, which in fact is important to the stress distribution in the wall.
All the discussions so far have centered on an initially unstressed tube. Here, let us examine the effects of the initial stresses on the wave properties according to the dispersion equation ͑86͒. Figures 7-10 show the influences of the initial mean pressure q = ␣ 4 p f0 = ͑a 4 / f L 2 f 2 ͒Q and the longitudinal stretch ratio S on the wave speeds and the transmission per wavelength for the Young and Lamb waves along a purely elastic tube ͑␥ =0͒. The static pressure q is so defined that the dependence on frequency is removed from the normalization. For a normal blood vessel, Q Ӎ 150 mm Hg and S Ӎ 1.44. 18 Therefore, the following ranges of values have been considered in our calculations: q = 0 -4000 and S = 1 -1.6. While a detailed comparison of results with the literature is impossible owing to basic differences in the modeling, a qualitative comparison of the effects is nevertheless possible. The qualitative effects of the two parameters q and S on the wave properties are summarized in Table I , as predicted by the present model, and the models by Atabek, 14 and Kuiken. 19 One can find that the present predictions are largely in accord with those by Atabek. One difference is in the effect of the mean pressure on the Lamb wave speed. As in Fig. 8͑a͒ , the present model gives that the wave speed C 2 may increase or decrease with increasing q depending on the frequency ␣ being small or large. Atabek's model predicts that the wave speed always increases with increasing q irrespective of the frequency. This inconsistency in prediction, which is relatively minor, can be ascribed to the different constitutive equations being applied in the present and Atabek's models. Kuiken's model predicts the same effects of the mean pressure q but completely opposite effects due to the longitudinal stretch ratio S. As mentioned earlier, Kuiken's theory has been questioned by others for the inconsistent use of stress terms. Table I also presents a contrast in the roles played by q and S. In particular, the initial pressure tends to diminish the Young wave but to enhance the Lamb wave, as can be inferred from the wave transmission. Remarkably, opposite effects will result from an initial extension of the tube. On comparing Figs. 7͑a͒ and 9͑a͒ , one finds that the Young wave velocity changes more appreciably with respect to the initial pressure than with respect to the stretch ratio within the ranges of values specified above. In contrast, on comparing Figs. 8͑a͒ and 10͑a͒, one finds that the Lamb wave velocity is more affected by the stretch ratio than by the initial pressure. As noted above, the Lamb wave is essentially associated with longitudinal motion only, and is hence more responsive to the initial axial deformation. The effects shown in these figures remain qualitatively the same for a viscoelastic tube, when ␥ Ͼ 0. For a constrained elastic tube, the initial stresses will have no effect on the wave damping since is real and the initial stress terms are canceled out on evaluating k i / k r by Eq. ͑88͒. The influence of the initial pressure on the Young wave speed is quite similar to the free-tube case as shown in Fig. 7͑a͒ . However, in the absence of the mean pressure, q = 0, it follows from the dispersion equation, Eq. ͑88͒, that the Young wave velocity in a constrained tube is independent of the initial stretch S, which is different from what is shown in Fig. 9͑a͒ for a free tube. Even when the constrained tube is viscoelastic ͑ becomes a complex number͒, the wave attenuation and the phase velocity can only be weakly affected by the initial stresses and by the initial extension of the tube, respectively.
As remarked earlier, the present study is also of relevance to the HFV, in which gases fill the tube. To examine the velocity and wall displacement fields in HFV, the following physical values are chosen, following Dragon and Grotberg: where A = d / a is a nondimensional amplitude parameter, relating the stroke length to the undisturbed inner tube radius. In this study, A is fixed at 5. Dragon and Grotberg assumed comparable length scales for the radial and axial wall displacements, which is a condition that holds only when the tube is tethered. Therefore, the present constrained-tube model ͑case 2͒ will be used when we do the comparison below. However, different from blood flow in arteries, the elasticity of tracheae can reach a small value, say, ␤ = 50, while the oscillation frequency can be as high as ␣ = 15. Under this rather extreme condition, the radial acceleration term ⑀ 2 ‫ץ‬ 2 r w / ‫ץ‬t 2 in Eq. ͑32͒ becomes comparable to the elastic stress terms, or ⑀ 2 ␣ 4 / ␤ = O͑1͒, and the term should be taken into account in the leading-order analysis. Therefore, when the present tethered tube model ͑case 2͒ is applied to the pulmonary gas flow during HFV, the dispersion equation ͑88͒ should be changed to Figure 11 shows a comparison of the amplitude D and the phase , as defined in Eq. ͑97͒, of the radial displacement of the wall-fluid interface R =1 at Ẑ = 0 as functions of the Womersley number and the elasticity, where ␥ = 0.3, between the present model and Dragon and Grotberg's model. We recall that the latter model is based on the thin-wall assumption, by which the wall is merely represented by a solid surface. By their model, 5 D and are given by ͉͉ and tan −1 ͓−Im͑͒ / Re͔͑͒, respectively, where
in which
where E is Young's modulus. As was assumed by Dragon and Grotberg, 5 the initial stresses are ignored in this particular example.
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It is clear from Fig. 11 that, for sufficiently strong elasticity such that ␤ Ն 500, the results by the two models agree very well with each other. Some differences, however, appear in the case of weak elasticity, ␤ = 50, when the Womersley number is so high that ␣ Ն 6. Essentially, Dragon and Grotberg's model predicts that D will reach a local maximum at a certain frequency, corresponding to the occurrence of resonance. The resonance frequency is lower for smaller elasticity ␤. Therefore, for elasticity as weak as ␤ = 50, the resonance may occur at a frequency that is within the range of ␣ being considered. However, the resonance frequency and radial displacement predicted by the present model are slightly different from those by Dragon and Grotberg. 5 The differences are possibly due to one basic difference between the two models. The radial displacement r w o in Eq. ͑81͒ of the present model is a function of the radial coordinate R whose radial gradient is responsible for the normal stress, while the thin-wall model by Dragon and Grotberg 5 can only admit constant radial wall deformation. The disparities will be enhanced as the wall thickness increases and further magnified under the occurrence of resonance. On the other hand, the resonance could happen only when the radial wall acceleration is comparable to the elastic stresses, which can be satisfied for pulmonary gas flow during HFV. For blood flow in arteries, the elasticity is so high that the resonance frequency is far beyond the range of ␣ being considered. Hence, for blood flow, it is reasonable to neglect the radial acceleration term as in previous works. 6, 18 Figure 12 presents another comparison between the present and Dragon and Grotberg's models, in which D and are shown as functions of the Womersley number ␣ and the tube wall viscosity ␥, and the elasticity ␤ = 500 for normal tracheae. For a pure elastic tube ͑␥ =0͒, the two models give results very close to each other. As ␥ increases, differences in the results at high frequencies are growingly exhibited, especially for the phase lag . The difference in the effects of the wall viscosity on the wall motion can be related to the fact that the wall damping has been accounted for in different manners by the two models. This comparison shows that the difference is intensified as the wall viscosity increases. The effects of the viscous damping will be further discussed in the second-order analysis below.
Owing to the small displacements, the Lagrangian problem gives the same solution as the Eulerian problem at the first order. This is no longer true at higher orders. At the second order, the time-averaged Lagrangian problem can be solved directly for the Lagrangian streaming velocity, which differs from the Eulerian streaming velocity by the Stokes drift. In biofluid problems, substances are transported in the fluid mainly by the Young wave mode. Hence, the Lamb wave will be ignored in the following second-order analysis.
V. SECOND-ORDER PROBLEM
A. Second-order solution
At O͑⑀ 2 ͒, the governing equations for the fluid flow are ‫ץ‬ẑ f2 
To simplify the problem, let us for the time being consider a tube without initial stresses, for which the governing equations at O͑⑀ 2 ͒ can be written as ‫ץ‬ẑ w21
‫ץ‬p w2
where the stress components lij2 are given in Appendix D. Our interest here is to find the steady streaming in the fluid, which can be obtained by taking the time average of the above equations. On the substitution of Eq. ͑77͒, the time averaging of Eqs. ͑103͒ and ͑106͒ yields ‫ץ‬ẑ l2
where 
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and I and P are two complicated functions of R containing terms of products of first-order quantities. According to the forcing terms on the right-hand side of the time-averaged equations ͑109͒-͑115͒, the second-order solutions of the steady motion in both the fluid and wall can be expressed as follows: where K = K͑R ͒ is given by
can be readily solved to give the general solutions of the steady axial velocity profile:
where N = N͑R ͒ is given by
where M 0 -M 3 are the constants of integration. Equations ͑122͒ and ͑123͒ show that the time-mean axial velocity ẑ w21 and ẑ w22 will die out exponentially and tend to the limits M 1 and N, respectively, over a timescale ␣ 2 ␥ / ͑␤͒, or w / G w . The time-mean radial velocity r w s has similar exponential decay with time. The timescale w / G w is the so-called relaxation time, which characterizes the rate of creep of a Voigt body in response to a unit-step force. For a viscoelastic material with sufficient strength such that G w / w Ն O͑͒, which implies that the time for the transient motion is much shorter than the wave period, the time-mean motion of the tube is short lived, as the ultimate mean deformation can be readily attained within several wave periods or so. 31 Under this condition, the transient motion is of no practical significance, and we may consider an instant of time that is long enough for the steady motion of the wall to have already stopped. In biofluid systems, the elasticity of the tissue is typically strong enough so that the assumption G w / w Ն O͑͒ can be satisfied in general. One may check that this condition is indeed satisfied using the physical input values that have been earlier introduced for the blood flow and HFV systems. For an initially stressed tube, the above argument remains valid. Based on this assumption, the boundary conditions for the steady streaming of the fluid can be written as Integrating Eq. ͑119͒ over the cross section while making use of the boundary condition ͑126͒ gives
where the angular brackets denote the cross-sectional average. This result shows that the net Lagrangian time-mean flux across a section will be identically equal to zero when the time-mean motion of the wall dies out.
Substitution of Eq. ͑118͒ into Eqs. ͑109͒-͑113͒ and the boundary conditions ͑125͒ and ͑126͒, the time-mean pressure and axial steady streaming velocity at Ẑ = 0 can be readily obtained as
where the integration constant M 4 can be determined from U R s by substituting Eq. ͑129͒ into Eq. ͑119͒ which is then integrated with respect to R with the boundary conditions ͑125͒ and ͑126͒:
Substituting F, ⌫, and H into Eq. ͑129͒ results in an expression for U L s as follows:
where = ␣i 3/2 . The steady Lagrangian drift, which is dominantly in the axial direction, is now determined. This steady current is affected through the parameter B 1 by the viscoelasticity and initial stresses of the tube, as given in Eq. ͑87͒. Our second-order analysis and the resulting expression for the Lagrangian drift appear not to have been reported in the existing literature. By virtue of the Lagrangian approach, the boundary conditions are prescribed exactly on the interfaces, and hence the expressions deduced above are good irrespective of the displacement amplitude of the boundaries. This renders the present model to be superior to an Eulerian model, which is limited by the condition that the amplitude of the interfacial displacement must be much smaller than the Stokes layer thickness; otherwise the Taylor expansion of the boundary conditions about the mean position will not work.
B. Results and discussions on the second-order solution
Numerical results are presented below to help us look into the effects of viscoelasticity on the steady streaming. First, let us compare in the context of HFV the steady axial velocity profiles as given by the present model and Dragon and Grotberg's model. 5 The dimensionless Eulerian steady axial velocity w 1 in Dragon and Grotberg's model is given by
where the expression for W 1 ͑0͒ ͑R ͒ is given in Appendix E and k oi is the imaginary part of k o as defined in Eq. ͑101͒. The dimensional Eulerian steady axial velocity u e in Dragon and Grotberg's model can be obtained by multiplying w 1 with the velocity scale:
To enable the comparison, the Stokes drift is added to the Eulerian drift 42, 43 to get the Lagrangian drift u L :
where the dimensional Stokes drift u s can be calculated by
in which u 0 and w 0 are, respectively, the dimensionless first- 
where the expressions for U 0 ͑R ͒ and W 0 ͑R ͒ are also given in Appendix E. The final step is to normalize u L by the velocity scale:
Now, U L Ј s given above by Dragon and Grotberg's model can be compared with U L s given by Eq. ͑131͒ of the present model. As in Sec. IV, the case of volume-cycled oscillation ͑i.e., the tidal volume is fixed when the frequency is varied͒ in a tethered tube without initial stresses is considered for this comparison in the context of HFV. Figure 13 shows the steady axial velocity profiles at Ẑ =0 for different values of the elasticity ␤ and the Womersley number ␣, which represents frequency as given in Eq. ͑40͒. Again, it can be seen that the present results agree well with those by Dragon and Grotberg's model except when ␤ is small and ␣ is large. As reasoned earlier when discussing Fig. 11 , the difference in the results can be ascribed to the basic difference in handling the wall shear deformation and stress between the two models. From this figure, one may see that in general the streaming velocity will increase in magnitude as ␤ ͑or the stiffness of the tube͒ decreases. This is associated with the fact that a softer tube will move with a larger amplitude under the same forcing. More remarkably, the velocity profile will change qualitatively when the frequency is varied. At a low frequency ͑␣ Ϸ 1͒, the steady streaming can be in the forward direction near the center of the tube and is in the backward direction near the wall. The pattern will be reversed, however, when the frequency becomes large enough ͑␣ Ͼ 5͒.
The effect of the wall viscosity ␥ on the steady streaming velocity is shown in Fig. 14 . Again, some differences in the results of the two models are exhibited when both the wall viscosity ␥ and the frequency ␣ are large. When this is examined in conjunction with Fig. 12 , one can see that the wall viscosity has a stronger diminishing effect on the velocity profile in the present model than in Dragon and Grotberg's model. This difference can be ascribed to the fact that different constitutive equations have been used in the two models. In the present work, a Voigt type of constitutive law for the viscoelastic tube as given in Eq. ͑4͒ is part of the problem formulation. In this constitutive equation, the wall viscosity is a term contributing to the deviatoric stress components. On examining the steady streaming velocity given by Eq. ͑131͒, one may find that the time-mean velocity is controlled by several parameters ͑e.g., B 1 , p o , k͒ which are all functions of the term ␣ 2 ␥i + ␤ as a result of the Voigt model. The wall viscosity is hence introduced into the present model through the formal stress-strain rate relations. Of course, the wall shear stress is one of the components affected by the viscosity. The approach adopted by Dragon and Grotberg is dramatically different, where the viscous damping is accounted for by terms added directly to the inertia alongside the acceleration terms in the momentum equations deduced previously by Atabek and Lew. 18 For example, the viscous damping in their radial momentum equation is a term that is proportional to the radial velocity of the wall: 2␥ ‫ץ‬ r w / ‫ץ‬t, where the frictional coefficient ␥ is given in Eq. ͑102͒. In other words, the wall viscosity is introduced into their model through a damping effect acting directly on the wall inertia, which is essentially not the same as through the stress-strain rate relations. With wall shear stresses ignored, Dragon and Grotberg's model falls short in fully describing the wall viscosity effects on the first-order as well as the second-order fluid flows. This should explain the difference in the results we have seen thus far between the two models when the wall is soft and viscous and the oscillation frequency is high.
The results being not shown here, we have also evaluated the steady axial streaming velocity using input values that are relevant to blood flow for a free tube. In this case, the oscillation is based on a fixed pressure gradient when the frequency is varied. Under this condition, increasing the frequency will actually decrease the stroke length or the tidal volume. As a result, the streaming velocity will decrease in magnitude as the frequency increases. Other than this aspect, the streaming velocity profile is essentially affected by the elasticity and viscosity of the wall in a manner similar to that found in Figs. 13 and 14 . The streaming velocity will also change in direction as the frequency is varied. The effects remain qualitatively the same even when the tube is constrained.
We show in Figs. 15 and 16 the influences of the initial stresses on the steady streaming for a free tube in the context of blood flow. The initial mean pressure q will in general enhance the magnitude of the velocity profiles as shown in Fig. 15 . As has been shown in Fig. 7͑a͒ , the initial mean pressure q is to decrease the Young wave speed or to increase the wavenumber k. A larger wavenumber corresponds to a larger amplitude of the first-order axial oscillatory velocity, thereby leading to a larger value of the second-order timemean velocity, as these two velocities can be found from Eqs. ͑78͒ and ͑131͒, respectively. The initial longitudinal stretch ratio S also enhances the steady streaming when the frequency is large but tends to have little effect on the streaming at a low frequency, as shown in Fig. 16 . By and large, the streaming is affected to a greater extent by the initial mean pressure than by the initial stretch. When the tube becomes constrained ͑results not shown here͒, we have found that the effects of the mean pressure on the steady streaming are similar to those shown in Fig. 15 for a free tube. However, when q = 0, the initial stretch ratio S will have no effect on the steady streaming. 
051901-21
VI. CONCLUDING REMARKS
We have performed a Lagrangian perturbation analysis to the second order for the oscillatory flow and the steady streaming of a fluid as induced by a wave propagating in a prestressed viscoelastic tube modeled as a Voigt material. The cases of a free tube, which is free of stresses on the outer wall surface, and a constrained tube, which is strongly tethered by the surrounding tissues longitudinally, have been examined. The classical oscillatory viscous flow in a flexible tube has been revisited. The present model has been checked to be capable of yielding results that are in agreement with those by the thin-walled tube model of Womersley 6 and by the thick-walled tube model of Cox. 40 The influences of the initial stresses on the propagation of Young and Lamb waves have been studied and compared with other prestressed tube models. The first-order results derived from the present tethered-tube model in the context of HFV have also been compared with those from Dragon and Grotberg's model. 5 Differences in the results of the two models are appreciable for small elasticity and large viscosity of the tube at high frequencies. We have also advanced to the second-order problem to find the time-mean streaming velocity of the fluid for an instant of time that is long enough for the mean motion of the wall to have already died out. Again, a comparison with Dragon and Grotberg's model for the streaming velocity shows similar differences in the results when the tube is soft and the frequency and the damping are high. On reviewing the two models, we have pointed out that the disparities can stem from fundamental differences between the two models in handling the radial wall displacement and in the basic constitutive equation for the viscoelastic tube.
The present work is limited by the condition of small displacements of the solid and fluid particles in order to enable the problem to be solved by an asymptotic analytical approach. For finite deformations, where the displacements of the wall are comparable to the tube radius, the problem will still be formulated in terms of a Lagrangian description, but the strongly nonlinear problem has then to be solved numerically. This may happen when the forcing is very strong, or when the tube is very soft, or when the frequency is very high, e.g., the Womersley number ␣ Ն 15. Our problem presented here can then be used as a benchmark to test the accuracy of a computational scheme that is to be developed to solve the Lagrangian problem numerically.
Our next problem is to look into the associated mass transport. An important application is the dispersion due to HFV of a vaporous substance in the respiratory system. With the oscillatory flow field given by the present model, we may proceed to find the concentration field using an effective transport equation. Dragon and Grotberg 5 examined the steady rate of axial mass transport and determined an optimal frequency of the steady mass transport as a function of the Womersley number. It is worth finding out how the viscoelastic properties of an airway may influence this optimal frequency based on the present flow model.
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